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Nonuniform strain distributions in a graphene lattice can give rise to uniform pseudomagnetic
fields and associated pseudo-Landau levels without breaking time-reversal symmetry. We demon-
strate that by inducing superconductivity in a nonuniformly strained graphene sheet, the lowest
pseudo-Landau levels split by a pairing gap can be inverted by changing the sign of the pairing
potential. As a consequence of this inversion, we predict that a Josephson pi junction deposited
on top of a strained graphene sheet exhibits one-dimensional gapless modes propagating along the
junction. These gapless modes mediate single electron tunneling across the junction, giving rise to
the 4pi-periodic fractional Josephson effect.
PACS numbers: 74.50.+r 74.45.+c, 61.48.Gh 73.43.Jn
I. INTRODUCTION
Coupling quantum Hall states with superconductiv-
ity [1–5] has been intensively studied recently as it pro-
vides a platform for exotic excitations such as Majorana
fermions [6, 7] and parafermions [8–11]. In contrast to the
supercurrent in conventional Josephson junctions that is
mediated by Cooper pairs, these elusive modes give rise
to single electron or fractional charge tunneling, which
results in a fractional Josephson effect [12, 13] with flux
periodicity larger than 2pi.
Magnetic field strengths normally required for the
quantum Hall effect typically suppress proximity-induced
superconductivity, which leads to challenges in attempt-
ing to couple these two phenomena. Instead of coupling
superconductivity and quantum Hall states, an alterna-
tive is to couple superconductivity with quantum spin
Hall states [14], i.e., 2D time-reversal invariant topo-
logical insulators. The topological superconductor that
emerges from this coupling gives rise to Majorana modes
and the fractional Josephson effect [15]. Strong spin-
orbit coupling, an essential ingredient of the quantum
spin Hall effect, is crucial for the occurrence of the frac-
tional Josephson effect in this proposed realization.
In this paper we propose an alternative way of realiz-
ing the fractional Josephson effect that requires neither
spin-orbit coupling nor a magnetic field. Our proposal re-
lies on the recently demonstrated ability to engineer large
uniform pseudomagnetic fields in graphene by applying
nonuniform distributions of strain [16–22]. Just like a
physical magnetic field in a 2D electron gas gives rise to
the Hall effect and, upon quantization, Landau levels, in
strained graphene the pseudomagnetic field leads to the
valley Hall effect and pseudo-Landau levels [23]. Experi-
mentally, strain-induced pseudomagnetic fields in excess
of 300 Tesla have been reported in graphene nanobub-
bles [17, 24]. Strain-induced pseudo-Landau levels have
also been observed in graphene grown by chemical vapor
deposition [25].
FIG. 1. Josephson pi junction in a graphene sheet with
nonuniform uniaxial strain in the y direction (θ: supercon-
ducting phase, t: nearest neighbor electron hopping ampli-
tude between atoms on A and B sublattices). We model the
strain pattern by changing the hopping amplitudes on the ver-
tical bonds (brown) by an amount δt ∝ y linearly increasing
along the y direction and constant along the x direction. For
the numerical diagonalization results (Fig. 3) we assume the
junction is parallel to the zigzag chains (gray) indexed by an
integer j. The pi phase difference leads to an inverted pseudo-
Landau level structure near the Dirac points of the graphene
bandstructure. As a result, a pair of counter-propagating gap-
less 1D modes appears near the center of the junction (red and
blue arrows).
Coupling superconductivity to strained graphene mod-
ifies the pseudo-Landau levels [26] in a manner similar
to how the Landau levels of a massless Dirac Hamilto-
nian are affected by the addition of a Dirac mass. In the
Dirac-Landau problem a mass domain wall (i.e., an inter-
face at which the Dirac mass changes sign) gives rise to
a gapless chiral 1D mode that propagates along the do-
main wall [27, 28] and disperses in the otherwise empty
intra-Landau-level bulk gap. Likewise here, we find that
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2an interface at which the pairing term changes sign, i.e.,
a Josephson pi junction, is accompanied by 1D gapless
modes dispersing within the bulk pairing gap between the
two lowest (zeroth) pseudo-Landau levels. These gapless
modes in turn lead to a 4pi energy-phase relation and the
fractional Josephson effect.
II. MODEL OF STRAINED GRAPHENE
The device we consider is a Josephson junction be-
tween two s-wave superconducting electrodes deposited
on top of a graphene sheet with nonuniform (linearly
increasing) uniaxial strain (Fig. 1), for instance using
the methods described in Ref. 29. There are three
vectors, a1 = a(
√
3/2, 1/2), a2 = a(−
√
3/2, 1/2) and
a3 = a(0,−1) that connect any atom on an A sublattice
of the graphene lattice to the nearest neighboring atom
on a B sublattice, where a is the closest distance between
carbon atoms. In strained graphene, we assume the hop-
ping amplitudes along a1 and a2 remain unmodified with
value t, but the hopping amplitude along the a3 direction
is reduced as t− δt(y) [18, 30] where δt(y) ∝ y represents
the effect of linearly increasing strain in the y direction.
The Hamiltonian with nearest neighbor hopping is com-
posed of two terms, H = H0 +Hs. The first is the usual
nearest neighbor hopping term on the honeycomb lattice,
H0 = −t
∑
rσ
3∑
j=1
c†B,r+aj ,σcA,rσ + H.c., (1)
where r denotes sites of the underlying triangular Bra-
vais lattice and σ =↑, ↓ is spin. The second represents a
modification due to strain, and is given by
Hs =
∑
r
δt(y)c†B,r+a3cA,r + H.c. (2)
Eq. (1) can be expressed in momentum space as
H0 = −t
∑
kσ
3∑
m=1
eik·amc†Bσ(k)cAσ(k) + H.c. (3)
Expanding the momentum k near the Dirac points K± ≡
±4pi/(3√3a)(1, 0) as k = K±+p where |p| is small com-
pared to the dimensions of the Brillouin zone allows us to
rewrite H0 as a Dirac Hamiltonian [18, 31, 32] in the ba-
sis of Ψσ(p) = (c
K+
Aσ (p), c
K+
Bσ (p), c
K−
Aσ (p), c
K−
Bσ (p))
T where
c
K±
A,B,σ(p) ≡ cA,B,σ(K± + p). More specifically, the ef-
fective low-energy Hamiltonian near the Dirac points is
expressed as H0 ≈
∑
σ
∫
[d2p/(2pi)2]Ψ†σH0Ψσ, where
H0 = vF (τzσxpx + σypy), (4)
describes linearly dispersing Dirac fermions with velocity
vF ≡ (3/2)at. We use σi and τi, i = x, y, z to denote the
Pauli matrices in sublattice (A and B) and valley (K+
and K−) space, respectively.
We now turn to the term Hs in Eq. (2) that is due to
strain. Assuming δt(y) varies slowly on the scale of the
lattice constant a, the two valleys remain approximately
decoupled and one can write Hs ≈ HK+s +HK−s with [18,
20, 30]
HK±s =
∑
σ
∫
d2r δt(y)eiK±·a3cK±Bσ (r)
†cK±Aσ (r) + H.c.,
(5)
where r = (x, y) now denotes the continuum position
and cK±A,B,σ(r) is the continuum Fourier transform of
c
K±
A,B,σ(p). In our choice of basis K± · a3 = 0, thus
the strain Hamiltonian becomesHs ≈
∑
σ
∫
d2rΨ†σHsΨσ
with
Hs = δt(y)σx. (6)
The full Hamiltonian for nonuniformly strained graphene
in the continuum limit is given as
H = H0 +Hs = vF [τzσx (−i∂x + δt(y)τz/vF )− iσy∂y] .
(7)
Comparing Eq. (4) and Eq. (7), the variation in hopping
strength along the a3 direction is equivalent to the sub-
stitution −i∂x → −i∂x + δt(y)τz/vF . In other words,
the strain in graphene generates a pseudo-vector poten-
tial [18, 30] along the x direction given by As(r) =
τzδt(y)xˆ/(evF ). The Pauli matrix τz in As signifies
that electrons in different valleys experience a pseudo-
magnetic field of the same magnitude but opposite sign.
This comes from the fact that the pseudomagnetic field
preserves time-reversal symmetry. One can indeed check
that Eq. (7) is invariant under a time-reversal transfor-
mation T . Momentum changes sign under time reversal,
which implies T τzT −1 = −τz because we exchange the
valley K+ to −K+ = K− (modulo a reciprocal lattice
vector) under time reversal. The sublattices A and B re-
main the same under time reversal, giving T σxT −1 = σx
and T σyT −1 = −σy because T iT −1 = −i. Combining
these results gives T HT −1 = H.
Because a linearly increasing vector potential corre-
sponds to a uniform magnetic field, we expect pseudo-
Landau levels to appear in Eq. (7). Writing the strain-
induced variation in hopping strength as δt(y) = evFBy
where B is the pseudomagnetic field [33], Eq. (7) becomes
H = vF [τzσx(px + τzeBy)− iσy∂y]. (8)
Translation invariance in the x direction allows us to re-
place the momentum operator in the x direction by its
eigenvalue px, while translation invariance is broken by
the strain pattern in the y direction. Equation (8) is al-
most the same as the Dirac Hamiltonian in a uniform
magnetic field in the Landau gauge, except for the pres-
ence of τz in the vector potential. To demonstrate the
presence of pseudo-Landau levels, we define the dimen-
sionless coordinate ξ ≡ lBpx+y/lB for the K+ valley and
3ξ ≡ lBpx− y/lB for the K− valley, where lB ≡ 1/
√
eB is
a pseudomagnetic length. This allows us to define the
raising operator as a† ≡ 1√
2
(ξ − ∂ξ) for the K+ val-
ley and a† ≡ 1√
2
(ξ − ∂ξ) for the K− valley. The cor-
responding lowering operators are a = 1√
2
(ξ + ∂ξ) and
a = 1√
2
(ξ + ∂ξ). These operators satisfy the commuta-
tion relations [a, a†] = 1, [a, a†] = 1, and allow us to write
the first quantized Hamiltonian (8) in a simple form,
H =
√
2vF
lB

0 a† 0 0
a 0 0 0
0 0 0 −a†
0 0 −a 0
 . (9)
By solving the eigenvalue problem Hψn = Enψn, we ob-
tain the pseudo-Landau levels as En = ±
√
2vF
√
n/lB ,
where n = 0, 1, 2, . . . The corresponding eigenstates ψn =
(ψ
K+
n , ψ
K−
n )T are given in terms of the simple harmonic
oscillator eigenstates |n〉 as ψK+n = (|n〉,±|n − 1〉)T and
ψ
K−
n = (|n〉,∓|n− 1〉)T for the K+ and K− valleys, re-
spectively. Here the simple harmonic oscillator eigen-
states |n〉 are given as |n〉 ∝ exp(−ξ2/2)Hn(ξ) for the
K+ valley and |n〉 ∝ exp(−ξ2/2)Hn(ξ) for the K− valley,
where Hn is the nth Hermite polynomial. The wavefunc-
tions are plane waves in the x direction, with an infinite
degeneracy parametrized by the momentum eigenvalue
px.
The wavefunction of the zeroth pseudo-Landau level is
ψ
K+
0 = (|0〉, 0)T for the K+ valley and ψK−0 = (|0〉, 0)T
for the K− valley, thus the wavefunctions for both valleys
have support only on the A sublattice. This is in contrast
to the case of a real magnetic field where the zeroth Lan-
dau level wavefunctions for the K+ and K− valleys have
support on the A and B sublattice, respectively. Support
on the same sublattice in a pseudomagnetic field is one of
the key reasons why an on-site pairing potential opens a
superconducting gap in the zeroth pseudo-Landau level,
as will be seen shortly.
III. PROXIMITY-INDUCED
SUPERCONDUCTIVITY
To couple the pseudo-Landau levels with superconduc-
tivity, we add a proximity-induced pairing term ∆ to the
Hamiltonian,
H∆ =
∑
α=A,B
∫
dpx
2pi
(
∆c
K+†
α↑ (px)c
K−†
α↓ (−px) + H.c.
)
+(↑↔↓), (10)
using ↑, ↓ to denote the physical spin. The full
Hamiltonian with the pairing term included is SU(2)
spin rotationally invariant and all eigenstates have an
exact two-fold degeneracy; in the following we fac-
tor out this degeneracy and focus on solving the
FIG. 2. Bogoliubov-de Gennes spectrum for the continuum
model of strained graphene with a Josephson pi junction built
on top, with n the pseudo-Landau level index and px the
momentum along the junction. Assuming the junction is at
y = 0, the superconducting phase varies from θ = 0 when
y > 0 to θ = pi when y < 0. The guiding center of the
pseudo-Landau level is located at y0 = −l2Bpx, which moves
from the θ = 0 region to the θ = pi region as px is varied from
negative to positive. The n = 0 pseudo-Landau level becomes
inverted if either the pairing potential or px change sign.
Hamiltonian in one of the two nondegenerate sub-
spaces. This Hamiltonian can be expressed in the
Nambu/Bogoliubov-de Gennes (BdG) basis ΨBdG(px) =
[c
K+
A↑ (px), c
K+
B↑ (px), c
K−†
A↓ (−px), cK−†B↓ (−px)]T as
HBdG = vF√
2lB

0 a† ∆˜ 0
a 0 0 ∆˜
∆˜∗ 0 0 −a†
0 ∆˜∗ −a 0
 , (11)
where ∆˜ =
√
2lB
vF
∆ is a dimensionless measure of the pair-
ing gap. Diagonalizing Eq. (11), we obtain the energy
spectrum as En = ± vF√2lB E˜n where E˜n ≡
√
|∆˜|2 + n
is dimensionless. The corresponding (unnormalized)
eigenstate is given as ψBdGn = (∆˜|n〉, ∆˜|n − 1〉, (E˜n −√
n)|n〉, (E˜n−
√
n)|n− 1〉)T . The energy spectrum En is
the same as the Landau level spectrum of a massive Dirac
Hamiltonian with mass ∆˜. In a 2D topological insulator,
a change of sign of the mass in the Dirac Hamiltonian is
accompanied by band inversion. We thus expect the ze-
roth pseudo-Landau level to become inverted as the sign
of the pairing term in Eq. (11) is reversed.
We verify this intuition by explicit calculation. The
n = 0 pseudo-Landau level splits into dispersionless BdG
bands E0 = ±|∆| in the presence of the pairing gap |∆|.
Writing the pairing potential as ∆ = |∆|eiθ, the cor-
responding wavefunction ψ(θ,E0) of the zeroth pseudo-
Landau level with energy E0 and phase θ is
ψBdG0 (θ,E0 = +|∆|) = (|0〉, 0,+e−iθ|0〉, 0)T ,
ψBdG0 (θ,E0 = −|∆|) = (|0〉, 0,−e−iθ|0〉, 0)T . (12)
The zeroth pseudo-Landau level wavefunction with en-
ergy E0 = |∆| and phase θ = 0 is the same as the wave-
function with energy E0 = −|∆| and phase θ = pi. In
4FIG. 3. (a) Bogoliubov-de Gennes spectrum for the lattice
model of a strained graphene strip (600 sites wide) with zigzag
edges and a Josephson pi junction built on top, as a function
of the momentum kx along the junction centered at y = 0.
The chosen strain field is equivalent to a 20 T pseudomagnetic
field, and the pairing gap is 1% of the nearest neighbor hop-
ping strength. E˜n is the energy in units of vF l−1B /
√
2. The
zeroth pseudo-Landau level is inverted at both the K+ and
K− valleys, with gapless chiral 1D modes inside the pairing
gap ∆˜ appearing along the pi Josephson junction in both val-
leys. We plot the probability density for the gapless modes
at the K− valley along the y direction when the energy is (b)
below the Dirac point, (c) at the Dirac point and (d) above
the Dirac point.
other words,
ψBdG0 (θ = 0, E0 = +|∆|) = ψBdG0 (θ = pi,E0 = −|∆|),
ψBdG0 (θ = 0, E0 = −|∆|) = ψBdG0 (θ = pi,E0 = +|∆|).
(13)
Equation (13) is the main result of this work, and means
that the zeroth pseudo-Landau level undergoes band in-
version as the sign of the pairing potential is reversed.
In experiment, reversing the sign of the pairing potential
can be achieved by building a Josephson junction with a
phase difference of pi across the junction. For this reason,
we consider a Josephson junction that is built on top of
strained graphene as shown in Fig. 1.
We now analyze the energy-momentum relation of the
zeroth pseudo-Landau level in a Josephson pi junction.
The zeroth pseudo-Landau level wavefunction is |0〉 ∝
exp(−ξ2/2), which peaks at ξ = 0. By setting ξ = 0,
we locate the guiding center of the wavefunction at y0 =
−l2Bpx. Assuming the pairing potential changes sign at
y = 0, the pseudo-Landau levels at energy ±|∆| cross as
the momentum px goes from negative to positive (Fig. 2).
Figure 2 implies that when the zeroth pseudo-Landau
level is inverted across the pi junction, gapless modes
appear within the pairing gap. We confirm this result
achieved with a continuum model with that obtained
from a lattice model. The energy-momentum relation
of strained graphene with a pi junction in a lattice model
is shown in Fig. 3(a). We consider a graphene lattice
with translation invariance in the x direction but with
a finite width with zigzag edges in the y direction as in
Fig. 1. We Fourier transform Eq. (1) and Eq. (2) along
the x direction to wavevector space kx, which gives the
tight-binding Hamiltonian of a strained graphene strip,
H =
∑
σ
∫
dkx
2pi
[
−2t cos
√
3kxa
2
N∑
j=1
c†B,jσ(kx)cA,jσ(kx)
−
N∑
j=2
(
t− δt(y))c†B,j−1,σ(kx)cA,jσ(kx) + H.c.
]
,
(14)
where j = 1, . . . , N is the lattice index along the y di-
rection and y ≡ (3/2)a[j − (N + 1)/2] in δt(y). The
proximity-induced pairing term becomes
H∆ =
∑
α=A,B
N∑
j=1
∫
dkx
2pi
(
∆c†αj↑(kx)c
†
αj↓(−kx) + H.c.
)
+ (↑↔↓). (15)
To model a Josephson pi junction, the pairing poten-
tial is expressed as ∆ = ∆0eiθ where θ = 0 for y < 0
and θ = pi when y > 0. Diagonalizing the total Hamil-
tonian H + H∆ numerically, we find a crossing of the
zeroth pseudo-Landau levels at the both the K+ and
K− Dirac points [Fig. 3(a)], consistent with our anal-
ysis of the continuum model (Eq. (13) and Fig. 2). This
crossing results in gapless 1D propagating modes local-
ized near the pi junction [Fig. 3(b)-(d)] and appearing
within the pairing gap. For energies near the Dirac point
|E˜|  |∆˜|, the gapless modes disperse linearly with mo-
mentum E˜ ∝ ±px. Since the guiding center of the ze-
roth pseudo-Landau wavefunctions is −l2Bpx, in this low-
energy regime the spatial separation between the two
counter-propagating modes is proportional to E˜.
IV. DISCUSSION
The 1D gapless modes mediate single electron tunnel-
ing, which leads to a fractional Josephson effect with a
4pi energy-phase relation (Fig. 4). The pseudo-Landau
level inversion in the pi junction implies a zero-energy
mode at the K+ and K− points. Denoting by δθ the su-
perconducting phase difference across the junction, the
zero-energy mode E(δθ = pi) = 0 at the K+ or K− Dirac
point implies 4pi periodicity in the energy-phase relation
of the junction. To demonstrate this effect, we fix the
momentum kx = ±4pi/(3
√
3a) at one of the Dirac points
K± and diagonalize the total Hamiltonian H+H∆ while
varying the phase difference δθ. This gives the spectrum
5FIG. 4. Bogoliubov-de Gennes spectrum at the Dirac point of
a Josephson junction on a strained graphene strip as a func-
tion of the phase difference δθ across the junction, computed
from the lattice model. The zeroth pseudo-Landau level ex-
hibits a 4pi-periodic energy-phase relation, leading to a 4pi-
periodic Josephson supercurrent. The other pseudo-Landau
levels do not disperse with δθ and thus do not contribute to
the supercurrent.
shown in Fig. 4. Most of the pseudo-Landau levels do
not disperse with δθ, except the zeroth level which has
a 4pi-periodic energy-phase relation. The supercurrent
Is ∝ ∂E/∂(δθ) is proportional to the derivative of the
total energy E with respect to the phase difference δθ,
which means only the zeroth pseudo-Landau level con-
tributes, giving rise to a 4pi-periodic current-phase rela-
tion. In the absence of a pi junction, the non-dispersing
pseudo-Landau levels correspond to a flat band super-
conductor [34].
The 4pi-periodic Josephson effect is traditionally asso-
ciated with unpaired Majorana fermions in 1D topologi-
cal superconductors [12]. While in the topological super-
conductor two Majorana modes at opposite ends of a wire
form a single zero-energy electronic state which medi-
ates single-electron tunneling, in our case this is achieved
by two zero-energy electronic states in each valley which
are degenerate by SU(2) spin rotation symmetry. The
zero-energy modes at the K+ and K− Dirac points [see
Fig. 3(a)] can be expressed in terms of eight Majorana op-
erators. Unlike in topological superconductors, however,
such Majorana modes are not topologically protected.
In conclusion, we have shown that the zeroth pseudo-
Landau level induced by straining graphene in zero mag-
netic field can be inverted by a Josephson pi junction,
which reverses the sign of the pairing potential. As a
consequence of pseudo-Landau level inversion, a pair of
gapless counter-propagating 1D modes appears near the
center of the junction. These gapless modes in turn lead
to a 4pi energy-phase relation, giving rise to the possibil-
ity of observing the fractional Josephson effect in strained
graphene.
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